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1.  Introduction
The theory of Dirac Spaces,discOvered by G.Takeuti[9],iS Of great importance to
study thc theory of distributions.  Related work has bcen discusscd by I.Ame■?ya
[1],W.A.J.Luxemburg[6],A.Robinson[7],T.Shibata[8],etc.
The purposc Of this paper is to give an approxi=natiOn of distributions of anitc order
by class COO FunctiOns.
2.  The approxil■ati n of distributions of llnite order by class C°O Functions
According to thc fundamcntal theore14 0f Lebcsguc,thc relation
踊顧要嘉万∫賄→デ(のプノイ(χ)
holds for alnlost every χ,whencverデis a 10Cally integrablc functiOn dcnned on R力. The
notation here used is that B(DC,r)iS the ball Of radius r,ccntered at,c,andン″2(B(∂C,つ)
denotcs its lncasure.
Lct(?ぇ}be a sCquencc of real valucd functions denned on R″?th the following
propertics:
(1)Rた>亀>0
②触 Rた司靴晦=0
0漁       =°
(4)ψた∈(9)
(5) ,.(χ)=ψκ(一χ)
(6)?た(χ)=1,  〕野θαc力x∈】(0,生)
(7)Car(ψ∂⊂】(0,R∂
(8)0≦ψκ(X)≦1.
For each integerた≧1,put
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δ90)=脇
(】ω,RI))?た(″)・
PRoPosITIoN l= Lθチデb?α lοC,と
'ノ'"ゼ
σ″'b力
″ ηCすカカ
'茅
ヵ9冴θ力R■,れ9カ
lim∫R/tけδP(ノー X)冴ノ〒デ●)
力r,脇οS′ω″ノχ・
PROOFi SinCe
〒顕『 て1戸夏∂ァ∫Bぃ)点
ガカ 巧ー万顧頭1下五扇戸比(vっノ(D′ノ
事
務 比(瀬翰 司 磁評
〃 ノ
+弓器名需子士含き||―どηヤ琴舌〒与:上)巧万顧頸与下焉扇戸比。刺デリノ
for each intOger打≧1,w  gct
O    搬 菰 謡 瓶 万 ∫B住ェD_Щ比取,デ骸)ブノ=0
for almost cvory■.
By(1),We have
l覇で軍キ環万JB∝勒 穴ガ′ノ
~比
(ポDДガ 粥0初 刺
=|ラ顧
『
x:扁弓5ァ∫】cF,Rた))(ノ)ブィ
~ヵ
(】(ガ,父.))∫】(.IRり
/Cノ)Pた(ノ~χ)″ノ
|
=″
,(】(″,R,))|∫B(ちR■)/(ノ)(1-″,(ノ
~工))″ノ
|
≦ 陶(】(〆ぅRを))∫】C″,R″)―】(五rた)|ノ〈)|プノ
→0 (た→OO).
fOr Л140St eVery I.
Ttts implics hat
fbr almost evcry χⅢ
Let δO=ω?夕δ9,づg,…).
Hm∫ェデ(ラ)δP(ノーつ
'ノ
〒デ(つ
QoE.D,
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Since
∫RノKノ)δP(ノーχ)冴ノ=∫R/(ノ)δ?(χ―ノ)プノ
we have thc fonowing proposition:
PROPOSITXON 2. L"デb?α〕θcαケ,ノ
'崩
?♂r,b,?ヵ
“
ガθη冴夢ηθ′οtt RИ,サカθれ
デ*δ°(χ)≒デ(χ)
力r αTttο∂虎υθりχ.
REMARK. Let χ ct Rl,and for each integcrた≧ 1,denn
δそ(X)=0     (χ≦―瓦オー)
=た+た2χ(_≒|≦χ≦0)
〓た_た2χ
(0≦x≦ζ
―
弔|)
=0     (二
|一
≦X)・
鳩庶監監漁:絃ぞ選i,httC
The notations tt and≒are due tO G.Takeu伍[9].
PROPOSITЮN 3.L"デb?α′οじ,Jケノ Jη胞ワr,b〕θヵ 乃θガοη 冴げ 乃9冴 θη R“.Иつ 冴夢 ηθ
F(χ)==liln∫Rデ(ノ)δ■°(ノー χ)冴ノ・
勁 θηす力9r99廟sチs,cO肪
'η
夕ο
"sヵηCす'ο
η/。冴夢 ηθtt οη R″,s夕じ力崩αす
デ(χ)〒んは)
ybr αttηosサθυθrノχ tt αη′οη
'ノ
挑F(χ),s,θοηサ加ク0"syttηcす,。 .
PROOF, Assumc rlrst that there e?sts  cOntinuous functiOnん,Such thatxχ)―/。(ガ)
for ainaost evcry χ.
Then
F(χ)=〓lil■∫RノKノ)δ?(ノーχ)冴ノ
=1lm∫Rノ嵌ノ)δP(ノーχ)′ノ
〒九(X)
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for everyれ(SC9,[5]).
COnVeFS01y,lot Flr)be a COntinuOus function.
Since
デ住)=F(x)
forI々most evcryメ,wo can choose F asん.                Q,E`D。
ExAMPLE l, Let rbe thc ttca?sidc funotiOn dcalled on Rl. Thon ve have
担監∫R4rlけδP骸―〆)tr/と1   (ル>り
=上 俳 0
=0 (Xくり,
By Proposidon 3 we immediately have ho fo■ow ng propositiOn:
PROPOSITION 4. Lθサデbθ,Iοεαι〕ン ,ヵ″♂′
'bJι
 J物
“
ヶ,θ海溺jヵθ冴oれR'. T力θ″崩9rじ
餌 ,sチs,ど9肪,■,つ″s力,C''9乃ん
'夢
″
'9猾
Rtt s,cカナカ″
デ儀)〒ん〔つ
力r,力η9Sすゼυ9rノ嘉琥
'pブ
θ猾
'ノ
坊
S(抗δ働=駐(∫R発)°)δ望0-つ′ち ∫RIДのδ9(ノー つ′九 …・)
,s tt θθηす,ηク9夕Sれ,Cサ
'θ
猾.
PROPOSXttON 5. Fοr θα,力S∈(つり′,卵<∞,崩″θ9",sチ,猾陶。,η冴'じ
θη′,砕夕9tls
力 称θチテοカデ冴ヴ肋″ θη R力翻cFtチカ,サヵ′9″力ψ∈(9),
lim∫
五・ 1∫Rゴ◆つ
DToδP(χ一つ
'〆
}夕(り
'テ
=S(P)・
L9す
洗(り=∫:4デ(つDF!δP(カーつ冴サ
すれ9猾洗∈(■)・
Ptt00F.Let?∈(珍).The4 We have
μl14■
D:δP(x一つP(つデr=μm∫RiδP(丼一つ(-1)I″
IDP,(つデケ
=(-1)|″り
“
?●).
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Letデbe a COntinuous function denncd on R・and lct
独⑪=kη甥・一つ穴つλ
Since
脇④=lk.甥けИつ引
=lk路朔儀一つ←り』取り引
=た洸猥のpル①ll∫R■δPは~つ洸|
≦ sup lD:P(つ
|
ιcCrI″(η)
<∞
by Lcbcsguc's thcorc■1,the relation
漁 ∫∫RはR4デω
D:δ?儀一つ?①冴″府 ∫R.デ⑪ ← 卯
』D:望ω 歳
holds.
By Fubini's theorcm we have
∫∫R■XRmデ(X)D:δP(χ
一 つ?(つ冴サ冴X==∫RI(∫R■デ(χ)D:δP(χ
一 つ冴χ
l夕
(つ冴′・
According to thc structure thcorcm(T,IWamura,Y.Kawada and K.Yosida[2]),
for each S∈(つり′,陶<∞血crc cxist an印。and a continuous functionデdeaned On R4
such that
Щの或.穴つ←lJl・tOl叩天拗
for evcry ψ∈(9).
Thereforc,for each S∈(つり′,駒<∞there cxist an陶。alld a continuous fLInCtionデ
derlncd on Rtti thc relaion
阻 ∫R附{∫R/は)DT°δ降 一つみ |?ω加=Ⅸの
holds for every P∈(珍).
It is cclar that/.∈(彦)。
Wc havc the following proposition inllncdiately from Proposition 5:
PROPOSITION 6.Fοr θαじ力 S∈(つり′,町<∞,サカιrθ 傷 ,sす,η 翻。,η′α じ0肪,猾
"ο
,s
力η
"'θ
ηデ′夢ηθtt θη R's"cカサカ,サヵrθ,C力ψ∈(9)
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(二?)≒S(7)
リカ9rι
Щ つ屯 .デω
Dμ叫 は 一つみ,k.穴つDμ弱 は 一榜 庁 …)
ExAMPLE 2. Lctデbc a function deaned on Rl with the following property:
デ(X)=χ   (死≧0)
=0  (X<の.
Let】rbe the l■aviside function deancd On Rl and let δ b  thc Delta function dcancd On
Rl. Then
胤kl∬Rl文つ手恥一つ′→鶯ンチ=Цの
縄 kl∬Rlデω 移 恥 ―朔 望ω加=Xの
for every ψ∈(9).
REMARK.  The Characterizations of thc locally integrable functions and the continuous
functions in the space of distributions wcrc given in E3],[4].
An Outline of this papcr was prcscntcd atthc mccting Of thc Chこgoku_Shikoku Bra ch of the Mathema‐
tical Socicty of」apan,hcld in]く5chi,January 28,1973.
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